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Introduction

• VaR, TVaR/CVaR is one of the most frequently used key figures in risk
management

• Solvency II: VaR 99.5%
• SST: TVaR 99% 

• Most partial-internal and internal risk management models are Monte-Carlo 
simulation models

• VaR has to be estimated from simulated samples

Everybody talks about modeling, but
• Are the key figures derived from the samples stable?
• Are they biased?
• How do they converge?

Ultimate goal
• Derive confidence intervals for VaR
• Derive criteria for required sample sizes, i.e. required number of iterations
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Quantile function
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Sample quantile
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Note: There is not a unique definition for 
sample quantiles and magnitude of 
bias highly depends on the specific 
choice and the underlying distribution.

⎣ ⎦ 1:ˆ     :choicePopular += Npp xQ

Sample quantiles are biased, but asymptotically unbiased: 
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Illustrative Example: variability of sample 
quantile

⎣ ⎦ 1:ˆ
+= Npp xQ

p=0.9

f(x) standard lognormal

N=10000
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Distribution of sample quantile
f(x) is standard gaussian

N=1000

N=1022

N=1010

⎣ ⎦ 1:ˆ
+= Npp xQ here: p=0.95

N=1000:   Np=950
N=1010:   Np=959.50
N=1022:   Np=970.90
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Asymptotic behaviour of expectation

⎣ ⎦ 1:ˆ
+= Npp xQ

N=[100:5:5000],    p=0.95

Np such that Np ϵ Z

Np such that Np ϵ (Z+0.25)

Np such that Np ϵ (Z+0.50)

Np such that Np ϵ (Z+0.75)
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Comparison of sample quantiles (L-estimators)

⎣ ⎦ 1:)(ˆ
+= NpU xpQ

N=[100:5:500],    p=0.95

⎣ ⎦NpL xpQ =:)(ˆ

⎣ ⎦ ⎣ ⎦ 1:ˆ and :ˆ
between ion interpolatlinear 

+== NpLNpU xQxQ

Estimator of Hyndman and Fan lies between low side and high side

1 )1(:)(ˆ
++−= ggHF xxpQ γγ ⎣ ⎦ gpNpNg −++=++= 3/1)3/1(    ,3/1)3/1( γ
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HF-estimator

L-Estimator of Hyndman and Fan: 

1 )1(:)(ˆ
++−= ggHF xxpQ γγ

⎣ ⎦ gpnpng −++=++= 3/1)3/1(    ,3/1)3/1( γ

Example with p=0.95:        Then p/3+1/3 = 0.65 
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Standard error of sample quantiles

⎣ ⎦ 1:ˆ
+= Npp xQ

N=[100:5:5000],    p=0.95

⎣ ⎦Npp xQ =:ˆ
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Kernel density estimation
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What is the optimal bandwidth h?
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undersmoothing for 
h=0.05
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Optimal global bandwidth

N=1000, f(x)=N(0,1)

)()),)''((),(( 5/122 −== NONfIKIhh optopt

The optimal bandwidth minimizes the asymptotic mean 
integrated squared error

dyyfdyyf hh ))(ˆ(Var))(ˆ(BiasMISE 2 ∫∫ +=

slight oversmoothing 
for h=0.27
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Illustrative Example: Optimal global bandwidth 
for standard Gaussian

N=1000 N=50000N=5000

h=0.12h=0.19h=0.27
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Illustrative Example: Optimal global bandwidth 
for standard lognormal distribution 

N=1000 N=50000N=5000

h=0.023h=0.036h=0.05
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Distribution of kernel quantile estimator
with global bandwidth 

075.0=σ
094.0=σ

Bad news:  
Optimal bandwidth for minimizing 
error in Lebesgue space is not a 
good candidate for quantile estimation

Good news: There exists a locally adapted optimal bandwidth for quantile estimation

)()),('),(( 3/1−== NONQfQfhh pppp
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Illustrative Example: Optimal local bandwidth for 
p=0.9 applied to standard Gaussian sample

N=1000 N=50000N=5000

125.0=ph 073.0=ph 034.0=ph

27.0=opth 19.0=opth 12.0=opth
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Illustrative Example: Optimal local bandwidth for 
p=0.9 applied to standard Lognormal sample

N=1000 N=50000N=5000

05.0=opth 036.0=opth 023.0=opth

306.0=ph 180.0=ph 130.0=ph
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Asymptotic behaviour of kernel quantile 
estimators versus sample quantiles

f(x) standard Gaussian, p=0.95
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Conclusions and forthcoming considerations

• Sample quantiles are biased and magnitude and direction
depends on the selected estimator 

• To reduce systematic errors use L-estimators that use at least two observations

• There are L-estimators that include three or more observations: one of them mixes 
L-estimation with kernel density estimation

one of the next tasks !!!

bandwidth optimal  thechoosingon  dependsstrongly 
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Forthcoming considerations

• Derivation of stopping criteria for required sample size:

Here, the crucial problem is to estimate the function value at the quantile  

],[ˆ have  we allfor such that   

 :givenbe1levelconfidence and Let 

00 εε

ε

+−∈≥ ppp QQQNNN

-α

All of the results will be considered for the implementation 
in Pillar One!
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Appendix: asymptotic results for lognormal
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Asymptotic behaviour of expectations of sample 
quantiles for standard Lognormal

⎣ ⎦ 1:)(ˆ
+= NpU xpQ

⎣ ⎦NpL xpQ =:)(ˆ

⎣ ⎦ ⎣ ⎦ 1:ˆ and :ˆ
between ion interpolatlinear 

+== NpLNpU xQxQ

1 )1(:)(ˆ
++−= ggHF xxpQ γγ ⎣ ⎦ gpNpNg −++=++= 3/1)3/1(    ,3/1)3/1( γ
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Standard error of sample quantiles for standard 
lognormal

⎣ ⎦ 1:ˆ
+= Npp xQ

N=[100:5:5000 6000 8000 10000],    p=0.95

⎣ ⎦Npp xQ =:ˆ

Bahadur representation: 
)(

)1(
           ),(ˆ

2

p
p

d

p Qf
pp

N
QNQ

−
=→ σσ with



26PillarOne – Risk Management meets Open Source Aug. 29, 2008

Asymptotic behaviour of kernel quantile 
estimators versus sample quantiles

f(x) standard Lognormal, p=0.95
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